In this note we obtain some simple criteria which show that in certain algebraic number fields factorization of elements is not unique. All the arguments depend only on the most elementary ideas (except in §6) so that probably many of the results are not new. However the proofs are short and direct and therefore should be of some interest.
In this note we obtain some simple criteria which show that in certain algebraic number fields factorization of elements is not unique. All the arguments depend only on the most elementary ideas (except in §6) so that probably many of the results are not new. However the proofs are short and direct and therefore should be of some interest.
1. Introduction. We now list some basic facts, whose proofs can be found in any of the books listed in the bibliography, at the same time fixing our notation.
Let 9 be a zero of the irreducible polynomial x +a x +. . .+a where a. e Z , the ring of rational n-1 o l integers. We denote by Q(9) the field obtained by adjoining 9 to the rational field Q , and by J the ring of algebraic integers in Q(9); thus 9 € J . An integral basis for J is a set of n elements {w . . . . , w } C J such that 1 n J = {b w +. . .+b w :b. € Z} 11 n n l
The conjugates of 9 are the zeros 9^ = 9, 9 , . . . The conjugates a , . . . , a may or may not be in J ; however en . . . a € J since, as a product of algebraic integers it is an algebraic integer, and also a (2) . . .a (n) = Na/tt£ Q(0) » Henceforth Latin letters will denote elements of Z (except when definitely stated to be elements of Q) and Greek letters will denote elements of J . a is called a unit if there exists a (3 such that ar6 = l; this occurs if and only if Nor=t 1. If or = (3 6 where € is a unit, a and p are called associates. The elements of J which are neither 0 nor units are either primes or composite numbers, a prime TT being characterized by the property that if IT = aÇ> , then one of a, p is a unit. A rational prime p may or may not be a prime in J ; however if Na =t p , a is prime. If TT is prime so are its conjugates belonging to J and the associates of these numbers.
Every composite number can be written as a product of primes, and if factorization into primes is unique (apart from the order of the factors and ambiguity between associated primes) we shall say that Q(9) is simple.
Many of oar results will be deduced from PROPOSITION!. Let Q(0) be simple and let p S ||Na where p is a rational prime. Then there exists a prime TT such that NIT = £ p* where t < s and t < n . s ., s, s Remarks: p 11 Na means p \Na (p divides Na) but s+1 . s+1 p j Nor (p does not divide Nor). n = (Q(9):Q) always stands for the degree of the extension. Actually we shall use this result only in the weakened form: If p occurs to the first power in a norm then for some and a = ce + cfcr . Hence g. c. d. (ce, cf) = l,(3 = c=îl is a unit, and a is prime. It follows that a**) is prime.
(2) Thus we have N = Nor = aa expressed as a product of primes. Since b ^0 , none of the associates ta, t a* ' of a and «(2) is rational. If N were not a rational prime, say N = st, 1 < s < N, then either (i) s and t are primes in J or (ii) st splits further into a product of more than two primes in J. Either case leads to non-unique factorization, contrary to supposition.
Putting b = 1 we obtain 2 , , COROLLARY 1. If m < -3 is simple, a -a + |q| is a rational prime fora = l,2,...,|q|-l. In particular, |q| is a rational prime.
Since m = 1 mod 4 , |m| = 3 or 7 mod 8. If |m| = 8t + 7 then |qj = (|m| + 1) /4 = 2t + 2 which is not prime if t > 0 . Thus if m < -7 then |m| = 3 mod 8.
Putting b = 2 we obtain COROLLARY 2. If m < -7 is simple 2 2 a -2a + 4|q| = (a -1) + |m| is a rational prime for a = 1, 3, 5, ... , |q| -2. In particular, |m| is a rational prime.
Since |m| = 3 mod 8, |q| -2 is odd. The largest value of N occurs with a = |q| -2 and N < q 2 demands that m< -15 ; of the remaining possible m , -11 and -15 , the corollary is clearly true for the former, and the latter is not simple by corollary 1.
To the modulus 24 we have the possibilities It is interesting to note that the two criteria that |m| and Jqj be prime lead one immediately to these numbers. In eliminating m < -163 one has to use occasionally other criteria given by the proposition such as jq| + 2 is prime, |m| + 4 is prime, etc.
* One can give an alternative proof assuming that |m| is a rational prime =3 mod 4, and the theorem in [4] , p. 318. It is easy to see that p is not ramified and does not split; i . ,1ml hence p is inert and -= -1 .
P
Assuming that -163 is simple, corollary 1 gives the famous result of Euler that then p ] x since otherwise we would have p |x whence 2, 2 p Jm =x -kp , contradicting the fact that m is square-free. (2) If m has a prime factor =7 mod 12 then it has no prime factor = 11 mod 12 , and conversely. 10,15,26,30,35,39,42,55,58,70,74,78 5,6,7,11,13,14,17,19,21,22,23,29,31,33,37, 38,41,43,  46, 47, 53, 57, 59, 61, 62, 67, 69, 71, 73, 77, (79), 83, 86, 89, 93 Without going into further detail we give the following consequence of proposition 1. PROPOSITION 6. Let Q(0) be simple; let p>2 be a rational prime such that p = 2 mod 3, -3d is a quadratic residue mod p, and p fg. c. d. (a, b) . Then p is a cubic residue mod q for every rational prime divisor q of g.c. d. (a, b) such that q "f f .
Proof: Noting that 9
(1) + 9^2 ) + 9 (3) = 0 , 0 (l) e (2) +Q (2) 3 Hence N(r-9) = r +ar+b . Now the conditions on p ensure the solubility of x + ax + b = 0 mod p. For by Cardan' s formula [13] we must first be able to extract the square root \/~3d ; that is, «3d must be a quadratic residue mod p. Secondly, we must be able to extract two certain cube roots. But since p = 2 mod 3 all residues mod p are cubic residues so that every residue has a unique cube root.
3 Thus x + ax + b = 0 mod p is soluble and we wish to show that it has a non-repeated root x = r, i. e. , one for which the derivative 3r^ + a i 0 . Clearly this is true if there is just one root. If there are three roots and every root is repeated we have x^ + ax + b = (x -r)* whence 0 = -3r , a = 3r 2 , b = -r^ , and since p^3, a =b =.0 ; but this contradicts p"j"g.c, d. (a,b) . 3 2 Thus for some r we have r +ar+b=kp,p"j"(3r + a). We may assume p ^ k ; for if p | k replace r by r + p to get a new k not divisible by p : (r + pP + a(r + p) + b = p(k + 3r + a + 3rp + p^) = pk 1 , p ~f k' . Hence p occurs to the first power in the norm N(r-9)=r^+ ar + b=kp and by proposition 1, NTT^N^1 + s'9+t 1 9^}=p is soluble. (Since N(-a) = -N(or) we need consider only the positive sign* ) Now q|a, q J b, q'ff so that NIT = T' = p mod q where r' = u/v, u,v € Z and q~f~v . This implies that x^ = p mod q is soluble and that p is a cubic residue mod q. Q. E. D.
In the important case a = 0 we can give a more specific Thus the only prime occurring in a denominator is 3.
3/ COROULARY: If Q( \/ b ) is simple then b has no prime factor = 1 mod 3.
Proof: The only properties of q used in the preceeding proof were q|g-c. d. (a,b) and that q does not occur in a denominator. Thus all we require of q here is that q|b and q £ 3. Thus suppose q = 1 mod 3 and q|b. If p *\ b and p = 2 mod 3, by the proposition p is a cubic residue mod q. But only one third of the residues mod q are cubic residues and we will have the required contradiction if we can show that a p = u mod q exists for any u ^ 0 mod q. This follows from the fact that g. c. d. ((2 -u)q + u, q) = 1 so that there are infinitely many primes in the progression p = 3qx + (2 -u)q + u » x = 1, 2, 3, . . . = 2 mod 3, =u mod q .
/ For example, Q(
\y ~t ) is not simple. See [10] for a table of data relating to cubic fields.
7. An inequality for the class number. Here we must assume a knowledge of ideal theory and the definition of the class number h = h(0) of Q(0) ; (Q{0) is simple if and only if h = 1). Our reason for including this section in the present note, which up till now has been on a completely elementary level, is that proposition 1 which gave criteria for h > 1 is susceptible of a rather obvious generalization which gives criteria for h > 2, h > 3, etc. We recall that n = (Q(0):Q) ; { w , . . . , w } will , -, . In denote an integral basis. 
